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(j, l) k = l {i, j} /2 E(G) i = j

{k, l} /2 E(H) (A(G �H))↵� = 0

⇤

G H
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H :

A(G) =

0

BB@

0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0

1

CCA , A(H) =

✓
0 1
1 0

◆
.

G H

•

•

•

•

•

•

•

•

(1, 3)

(1, 1) (1, 2)

(1, 4)

(2, 3)

(2, 1) (2, 2)

(2, 4)
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.
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..........
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G �H :



A(G �H) =

0

BBBBBBBBBB@

0 1 1 0 1 0 0 0
1 0 0 1 0 1 0 0
1 0 0 1 0 0 1 0
0 1 1 0 0 0 0 1
1 0 0 0 0 1 1 0
0 1 0 0 1 0 0 1
0 0 1 0 1 0 0 1
0 0 0 1 0 1 1 0

1

CCCCCCCCCCA

.

A(G)� A(H) =

0

BBBBBBBBBB@

0 1 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 1 0 0 0 0
0 1 1 0 0 0 0 0
0 0 0 0 0 1 1 0
0 0 0 0 1 0 0 1
0 0 0 0 1 0 0 1
0 0 0 0 0 1 1 0

1

CCCCCCCCCCA

+

0

BBBBBBBBBB@

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0

1

CCCCCCCCCCA

,

A(G �H) = A(G)� A(H) = A(G)⌦ In + Im ⌦ A(H).

Mn n

n A 2 Mn B 2 Mm

A⌦ B 2 Mnm ↵ = mi+ k � = mj + l

(A⌦ B)↵� = aijbkl,

0 1
0 ↵ = � i = j k = l

(A⌦ B)↵� = aiibkk = 0.

(A⌦ B)↵� = aijbkl = ajiblk = (A⌦ B)�↵.



G H A(G) A(H)
G H G ⌦ H

A(G)⌦ A(H)

G H Q V (Q) E(Q)

G = (V (G), E(G)) H = (V (H), E(H))
G⌦H

V (G⌦H) = V (G)⇥ V (H);

E(G⌦H) = {{(i, k), (j, l)} : {i, j} 2 E(G), {k, l} 2 E(H)} .

A(G⌦H) = A(G)⌦A(H) ↵, �
0  ↵, � < nm A(G⌦H)↵� = (A(G)⌦ A(H))↵�

V (G) ⇥ V (H) ↵ = in + k, � = jn + l

(A(G⌦H))↵� =

⇢
1 {i, j} 2 E(G) {k, l} 2 E(H)
0

(A(G)⌦ A(H))↵� = (A(G))ij(A(H))kl

(A(G)⌦ A(H))↵� = 1 (A(G))ij = (A(H))kl = 1
{(i, k), (j, l)} 2 E(G⌦H) ⇤

G1 G2 G3

G1 ⌦G2
⇠= G2 ⌦G1

(G1 ⌦G2)⌦G3
⇠= G1 ⌦ (G2 ⌦G3)

' : G1⌦G2 ! G2⌦G1 '(x1, x2) = (x2, x1)

' : (G1 ⌦G2)⌦G3 ! G1 ⌦ (G2 ⌦G3)

'((x1, x2), x3) = (x1, (x2, x3)).

{((x1, x2), x3), ((y1, y2), y3)} 2 E((G1⌦G2)⌦G3) {xi, yi} 2 E(Gi)
i (x1, (x2, x3)) (y1, (y2, y3))
'

⇤
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H :

A(G) =

0

BB@

0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0

1

CCA , A(H) =

0

@
0 1 0
1 0 1
0 1 0

1

A .

G⌦H

•

•

•

•

•

•(2, 2)

(4, 3)

(4, 1)

(1, 3)

(1, 1)

(3, 2)................................................................................................................................................................................................
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•
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•

•

•(1, 2)

(3, 3)

(3, 1)

(2, 3)

(2, 1)

(4, 2)................................................................................................................................................................................................
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A(G⌦H) =

0

BBBBBBBBBBBBBBBBBB@

0 0 0 0 1 0 0 1 0 0 0 0
0 0 0 1 0 1 1 0 1 0 0 0
0 0 0 0 1 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 1 0 1
0 1 0 0 0 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 1 0 1
0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1 0 0 0 0
0 0 0 1 0 1 1 0 1 0 0 0
0 0 0 0 1 0 0 1 0 0 0 0

1

CCCCCCCCCCCCCCCCCCA

.

A(G⌦H) = A(G)⌦ A(H).

(2, 2) (1, 2)



G H
G⌦H

H
G

H = G⌦n = G⌦G⌦ · · ·⌦G| {z }
n veces

.

G

A(G⌦k) = A(G)⌦k.

G
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•
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G :

A(G)

A(G) =

0

@
0 1 0
1 0 1
0 1 0

1

A .

G

•

•

•

•

•

•

•

•

•

(1, 3)

(1, 1)

(2, 2)

(3, 3)

(3, 1)

(1, 2)

(2, 1)

(2, 3)

(3, 2)
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G⌦G :



A(G⌦2) = A(G)⌦ A(G) =

0

BBBBBBBBBBBB@

0 0 0 0 1 0 0 0 0
0 0 0 1 0 1 0 0 0
0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 1 0
1 0 1 0 0 0 1 0 1
0 1 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0
0 0 0 1 0 1 0 0 0
0 0 0 0 1 0 0 0 0

1

CCCCCCCCCCCCA

.

G⌦2 G⌦3 G

•

•

•

•

•

•

•

•

•

•

•

•

•

•

2

1

(2, 2)

(1, 1)

(1, 2)

(2, 1)

((2, 2), 2)

((1, 1), 1)

((2, 2), 1)

((1, 1), 2)

((2, 1), 2)

((1, 2), 1)

((2, 1), 1)

((1, 2), 2)
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G : G⌦2 : G⌦3 :

A(G) =

✓
0 1
1 0

◆
,

A(G⌦2) = A(G)⌦2 =

0

BB@

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

1

CCA ,

A(G⌦3) = A(G)⌦3 =

0

BBBBBBBBBB@

0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0

1

CCCCCCCCCCA

.

G

A(G⌦k) = A(G)⌦k



H nk

G H = ⌦kG
A(H)

A 2 Knk⇥nk

B 2 Kn⇥n A = B⌦k A
H B

G H = G⌦k

m n



X
Z X = Z⌦n

X

AX = B

A 2 Km⇥n B 2 Km⇥p X 2 Kn⇥p AX = B
vec

AX = B () vec (AX) = vec (B) () (Ip ⌦ A) vec(X) = vec(B),

Ip p

A =

0

BBBB@

�2 1 3 1 0
1 2 �1 0 4
0 1 0 �2 �1
2 1 0 1 �1
1 0 0 2 �1

1

CCCCA
B =

0

BBBB@

�1 4 �5 21
5 4 10 �18
11 �13 �7 �4
4 12 0 14

�4 16 1 17

1

CCCCA

X 2 R5⇥4 AX = B vec

(Ip ⌦ A) vec(X) = vec(B),

x = vec(X) 2 R20

x = vec(X) =
�
1 4 0 �3 �1 2 1 0 7 0 2 �2 0 1 3 0 3 4 6 �5

�

X =

0

BBBB@

1 2 2 0
4 1 �2 3
0 0 0 4

�3 7 1 6
�1 0 3 �5

1

CCCCA
.



AXB = C

A 2 Km⇥n, B 2 Kp⇥q C 2 Km⇥q X 2 Kn⇥p

AXB = C.

mq
(BT ⌦ A) vec(X) = vec(C),

A B C 2 Kn⇥n AXB = C
X 2 Kn⇥n C A B

A B
BT ⌦ A (BT ⌦ A| vec(C))

AXB = C
(BT ⌦ A) vec(X) = vec(C)

det(BT ⌦ A) 6= 0

detBT ⌦ A = (detBT )n(detA)n,

detB 6= 0 detA 6= 0 A B
rango(BT ⌦ A) < n2

(BT ⌦ A) vec(X) = vec(C) BT ⌦ A
⇤

A =

0

BB@

1 0 0 1
1 0 1 �1
0 �1 0 1
1 0 1 �3

1

CCA , B =

0

BB@

1 �1 1 2
�1 3 1 2
1 0 1 3

�1 1 0 2

1

CCA , C =

0

BB@

3 �4 2 7
1 1 2 2
1 �1 0 4

�1 1 �2 �12

1

CCA

detA = �2 detB = �6
X 2 R4⇥4 AXB = C vec

(BT ⌦ A) vec(X) = vecF(C).

x = vec(X) =
�
1 2 1 1 �1 1 2 0 0 �1 1 1 0 0 0 1

�
,

X =

0

BB@

1 �1 0 0
2 1 �1 0
1 2 1 0
1 0 1 1

1

CCA



A?X +XA = B,

A,B 2 Km⇥m

AX +XAT = B

(I ⌦ A+ A⌦ I) vec(X) = vec(B).

A,B 2 Km⇥m A?X +XA = B
X 2 Km⇥m B �

A ��̄ A

A =

0

BB@

1 2 3 0
2 3 0 3
3 0 3 2
0 3 2 1

1

CCA B =

0

BB@

3 15 7 11
10 19 11 19
13 17 13 15
7 17 18 17

1

CCA ,

ATX +XA = B.

A
�
2�

p
26, 2 +

p
26, 2�

p
2, 2 +

p
2
 

(I ⌦ A+ A⌦ I) vec(X) = vec(B)

vec(X) =
�
1 2 �1 0 0 1 0 2 0 1 2 1 1 1 1 2

�
.

X =

0

BB@

1 0 0 1
2 1 1 1

�1 0 2 1
0 2 1 2

1

CCA



AX +XB = C,

A,B 2 Km⇥m

A B

Q R

AX +XB = C

(I ⌦ A+BT ⌦ I) vec(X) = vec(C).

A,B 2 Km⇥m AX + XB = C
X 2 Km⇥m B

A �B

A =

0

@
�1 �7 1
0 4 0

�1 13 �3

1

A B =

0

@
0 1 1
2 �1 1
2 �2 �2

1

A C =

0

@
6 �3 �4
2 �2 4

�14 6 5

1

A .

�(A) = {�2,�2, 4} �(�B) = {�1, 2, 2}
AX +XB = C

(I ⌦ A+BT ⌦ I) vec(X) = vec(C).

vec(X) =
�
2 �1 3 0 1 0 �1 2 5

�

X =

0

@
2 0 �1

�1 1 2
3 0 5

1

A .



A 2 Km⇥m

X 2 Km⇥m A

AX �XA = 0.

(I ⌦ A� AT ⌦ I) vec(X) = 0.

A {�1,�1, · · · ,�m}
(I ⌦A+�AT ⌦ I) (�i + (��j)) i j

µ = 0 m

rango
�
I ⌦ A� AT ⌦ I

�
< m2,

A =

0

@
1 0 1
1 1 �1
1 1 �2

1

A .

A

(I ⌦ A� AT ⌦ I) vec(X) = 0,

Z =

0

BBBBBBBBBBBB@

0 0 1 �1 0 0 �1 0 0
1 0 �1 0 �1 0 0 �1 0
1 1 �3 0 0 �1 0 0 �1
0 0 0 0 0 1 �1 0 0
0 0 0 1 0 �1 0 �1 0
0 0 0 1 1 �3 0 0 �1

�1 0 0 1 0 0 3 0 1
0 �1 0 0 1 0 1 3 �1
0 0 �1 0 0 1 1 1 0

1

CCCCCCCCCCCCA

.

rango(Z) = 6

A =

0

@
x23 + x33 x23 0

2x23 �x23 + x33 x23

x23 0 x33

1

A .



A1XB1 + · · ·+ AkXBk = C

Ai 2 Km⇥n, Bi 2 Kp⇥q 1  i  k C 2 Km⇥q

X 2 Kn⇥p

A1XB1 + A2XB2 + · · ·+ AkXBk = C.

vec

�
B1

T ⌦ A1 +B2
T ⌦ A2 + · · ·+Bk

T ⌦ Ak

�
vec(X) = vec(C).

Ai =

✓
(�1)i 0

i i+ 1

◆
, Bi =

✓
i (�1)i+1

0 i� 1

◆
, 1  i  5, C =

✓
�6 �12
40 42

◆
.

A1XB1 + A2XB2 + A3XB3 + A4XB4 + A5XB5 = C.

0

BB@

�3 0 0 0
55 70 0 0
�5 0 �2 0
3 4 40 50

1

CCA

0

BB@

x11

x21

x12

x22

1

CCA =

0

BB@

�6
40
�12
42

1

CCA ,

x = (2,�1, 1, 0)

X =

✓
2 1

�1 0

◆
.

AX +BY = C

A,B,C 2 Km⇥m X Y

AX +BY = C.

(Im ⌦ A) vec(X) + (BT ⌦ Im) vec(Y ) = vec(C)

⇥
Im ⌦ A BT ⌦ Im

⇤
2

4
vec(X)

vec(Y )

3

5 = vec(C).



A =

✓
3 2

�2 4

◆
, B =

✓
�1 2
1 �3

◆
C =

✓
�3 5
�1 1

◆
.

AX +BY = C

0

BB@

3 2 0 0 �1 0 1 0
�2 4 0 0 0 �1 0 1
0 0 3 2 2 0 �3 0
0 0 �2 4 0 2 0 �3

1

CCA

0

BBBBBBBBBBBB@

x11

x21

x12

x22

��
y11
y21
y12
y22

1

CCCCCCCCCCCCA

=

0

BB@

�3
�1
5
�1

1

CCA .

4

X =

0

@
�5

8 +
1
4y11 �

1
8y21 �

1
4y12 �

1
8y22

11
8 � 1

2y11 +
1
4y21 +

3
4y12 �

3
8y22

� 9
16 +

1
8y11 +

3
16y21 �

1
8y12 �

3
16y22

7
16 �

1
4y11 �

3
8y21 +

3
8y12 +

9
16y22

1

A ,

Y =

✓
y11 y12
y21 y22

◆
.



2 3

�1 i



n = 2

A B 2 Kp⇥q

A 2 Kp2⇥q2

kA � B ⌦ CkF
A R(A)

A 2 Kmp⇥nq m ⇥ n
A(i,j) 2 Kp⇥q

A Kmn⇥pq

vec(p⇥q)(A) =

0

BBB@

A1

A2

An

1

CCCA
, Aj =

0

B@
vec(A(1,j))T

vec(A(m,j))T

1

CA .

A =

0

BB@

1 2 3 4 5 6
10 20 30 40 50 60
100 200 300 400 500 600
1000 2000 3000 4000 5000 6000

1

CCA

4⇥ 2

vec(4⇥2)(A) =

0

@
1 10 100 1000 2 20 200 2000
3 30 300 3000 4 40 400 4000
5 50 500 5000 6 60 600 6000

1

A .

2⇥ 2

vec(2⇥2)(A) =

0

BBBBBB@

1 10 2 20
100 1000 200 2000
3 30 4 40
300 3000 400 4000
5 50 6 60
500 5000 600 6000

1

CCCCCCA
.



B 2 Km⇥n C 2 Kp⇥q B⌦C
i, j 0  i  m� 1 0  j  n� 1

(B ⌦ C)(i,j) = bijC 2 Kp⇥q.

B 2 Km⇥n C 2 Kp⇥q

vec(p⇥q)(B ⌦ C) = vec(B) vec(C)T .

vec(p⇥q)(B ⌦ C)T = vec(m⇥n)(C ⌦ B).

vec(p⇥q)(B ⌦ C)
1

A 2 Kmp⇥nq

B 2 Km⇥n C 2 Kp⇥q A = B⌦C rango(vec(p⇥q)(A)) = 1

A =

✓
1 2 2 0
1 0 0 1

◆
,

2⇥ 2

vec(2⇥2)(A) =

✓
1 1 2 0
2 0 0 1

◆
.

rango(vec(2⇥2)(A)) = 2
B 2 K1⇥2 C 2 K2⇥2 A = B ⌦ C

B⌦C

B = C

A 2 Km2⇥n2
B 2 Km⇥n

A = B ⌦ B vec(m⇥n)(A) = vec(B) vec(B)T

A = B ⌦ B vec(m⇥n)(A) 1

Km2⇥n2

A 2 Cm2⇥n2
vec(m⇥n)(A)

1



B 2 Cm⇥n A = B ⌦ B

B C Cm⇥n A = B ⌦ B = C ⌦ C
C = ±B

A 2 Rn2⇥n2
B 2 Rm⇥n A = B⌦B Tr(vec(m⇥n)(A)) >

0

A 2 Km2⇥n2
A = B ⌦ B B

A B

A

A B

A B

A ei
⇡
4B

A B

B A B

A B iB

A 2 Kpn+2⇥qn+2

C 2 Kp⇥q A = C⌦(n+2)

vecF[p⇥q](A)
A

vecF[p⇥q]

vecF[p⇥q](A)

n � 0 A = (aij) 2 Kpn+2⇥qn+2
p⇥ q

A = (A(i0,j0)) 2 Mp⇥q(Kpn+1⇥qn+1
) A(i0,j0) 2 Kpn+1⇥qn+1



0  i0 < p 0  j0 < q

A(i0,j0)

A(i0,j0) = (A((i0,j0),(i1j1))) 2 Mp⇥q(Kpn⇥qn) A((i0,j0),(i1,j1)) 2 Kpn⇥qn

0  i1 < p 0  j1 < q
(p ⇥ q)n+1 Kp⇥q

((i0, j0), (i1, j1), · · · , (in, jn)),

(i, j), (̂ı, |̂) 2
N⇥ N

(i, j) < (̂ı, |̂) ()

8
<

:

i < ı̂,

i = ı̂ j < |̂.

(i, j), (̂ı, |̂) 2 N⇥ N 0  j, |̂ < q

(i, j) < (̂ı, |̂) () qi+ j < qı̂+ |̂.

(i, j) < (̂ı, |̂) qi+ j < qı̂+ |̂
i < ı̂ 0  j, |̂ < q

qi+ j < qi+ q = q(i+ 1)  qı̂  qı̂+ |̂

qi+ j < qı̂+ |̂ i = ı̂ j < |̂

qi+ j = qı̂+ j < qı̂+ |̂.

qi+ j < qı̂+ |̂ i < ı̂
i = ı̂ j < |̂ i > ı̂ i � ı̂+ 1

qi+ j � q(̂ı+ 1) + j = qı̂+ j + q > qı̂+ |̂,

i = ı̂ j < |̂

qi+ j < qı̂+ |̂ = qi+ |̂,

j < |̂ ⇤

(i0, j0), (i1, j1), (̂ı0, |̂0), (̂ı1, |̂1) 2 N⇥ N

((i0, j0), (i1, j1)) < ((̂ı0, |̂0), (̂ı1, |̂1)) ()

8
<

:

(i0, j0) < (̂ı0, |̂0),

(i0, j0) = (̂ı0, |̂0) (i1, j1) < (̂ı1, |̂1).



0  j0, j1, |̂0, |̂1 < q

((i0, j0), (i1, j1)) < ((̂ı0, |̂0), (̂ı1, |̂1)) ()

8
<

:

qi0 + j0 < qı̂0 + |̂0,

qi0 + j0 = qı̂0 + |̂0 qi1 + j1 < qı̂1 + |̂1.

(qi0 + j0, qi1 + j1), (qı̂0 + |̂0, qı̂1 + |̂1)

0  qi1 + j1, qı̂1 + |̂1 < pq

((i0, j0), (i1, j1)) < ((̂ı0, |̂0), (̂ı1, |̂1)) () pq(qi0+j0)+qi1+j1 < pq(qı̂0+ |̂0)+qı̂1+ |̂1.

{((i0, j0), (i1, j1), · · · , (in, jn)), (is, js) 2 [0, p� 1]⇥ [0, q � 1], 0  s  n}.

(k0, · · · , kn)
ks = qis + js 0  ks < pq

(k0, · · · , kn) < (k̂0, · · · , k̂n)

(pq)nk0+(pq)n�1k1+ · · ·+(pq)kn�1+kn < (pq)nk̂0+(pq)n�1k̂1+ · · ·+(pq)k̂n�1+ k̂n.

A = (aij) 2 Kpn+2⇥qn+2

vecF[p⇥q](A) 2 K(pq)n+1⇥pq

vecF
[p⇥q](A) =

2

664

vecF(A0)T

:
:

vecF(A(pq)n+1�1)T

3

775

(pq)n+1

A↵ = A((i0,j0),(i1,j1),··· ,(in,jn))

↵ = (pq)nk0 + (pq)n�1k1 + · · ·+ (pq)kn�1 + kn ks = qis + js

A,B 2 Kpm⇥qm m � 2 vecF[p⇥q](A) = vecF[p⇥q](B)
A = B



A 2 Kp2⇥q2 vec(p⇥q)(A)

vecF[p⇥q](A)

vec(p⇥q)(A) vecF[p⇥q](A)

A 2 R23⇥23

A =

0

BBBBBBBBBB@

1 0 1 2 3 4 1 2
5 1 3 7 4 6 9 3
2 4 7 9 11 5 6 9
8 1 3 4 5 6 7 4
2 3 5 4 1 3 9 7
1 5 9 3 2 11 4 5
6 1 3 5 2 7 6 9
2 0 3 4 9 0 6 12

1

CCCCCCCCCCA

.

vec(2⇥2)(A) =

0

BBBBBBBBBBBBBBBBBBBBBBBBBB@

1 5 0 1
2 8 4 1
2 1 3 5
6 2 1 0
1 3 2 7
7 3 9 4
5 9 4 3
3 3 5 4
3 4 4 6
11 5 5 6
1 2 3 11
2 9 7 0
1 9 2 3
6 7 9 4
9 4 7 5
6 6 9 12

1

CCCCCCCCCCCCCCCCCCCCCCCCCCA

vecF
[2⇥2](A) =

0

BBBBBBBBBBBBBBBBBBBBBBBBBB@

1 0 5 1
1 2 3 7
2 4 8 1
7 9 3 4
3 4 4 6
1 2 9 3
11 5 5 6
6 9 7 4
2 3 1 5
5 4 9 3
6 1 2 0
3 5 3 4
1 3 2 11
9 7 4 5
2 7 9 0
6 9 6 12

1

CCCCCCCCCCCCCCCCCCCCCCCCCCA

.

vecF[p⇥q]

vecF[p⇥q]

M 2 Kpn+1⇥qn+1
C 2 Kp⇥q

vecF[p⇥q](M ⌦ C) = vecF( vecF[p⇥q](M))⌦ vecF(C)T

vecF[p⇥q](C ⌦M) = vecF(C)⌦ vecF[p⇥q](M)



↵, � 0  ↵ < (pq)n+1 0  � < pq
�
vecF

[p⇥q](M ⌦ C)
�
↵�

=
�
vecF(vecF

[p⇥q](M))⌦ vecF(C)T
�
↵�

.

�
vecF[p⇥q](M ⌦ C)

�
↵�

↵ vecF[p⇥q](M ⌦ C)

(M ⌦ C)↵

(M ⌦ C)↵ = mi0j0mi1j1 · · ·minjnC,

↵ = (pq)nk0 + (pq)n�1k1 + · · · + kn ks = qis + js s

vecF((M ⌦ C)↵) = vecF (mi0j0mi1j1 · · ·minjnC)

= mi0j0mi1j1 · · ·minjn vecF(C),

�
vecF

[p⇥q](M ⌦ C)
�
↵�

= mi0j0mi1j1 · · ·minjn vecF(C)�

= mi0j0mi1j1 · · ·minjnckl,

� = kq + l
�
vecF(vecF[p⇥q](M))⌦ vecF(C)T

�
↵�

�
vecF(vecF

[p⇥q](M))⌦ vecF(C)T
�
↵�

=
�
vecF(vecF

[p⇥q](M))
�
ij
(vecF(C)T )rs,

↵ = 1.i+ r � = (pq)j + s j = r = 0
�
vecF(vecF

[p⇥q](M))⌦ vecF(C)T
�
↵�

= vecF(vecF
[p⇥q](M))↵ vecF(C)�

= vecF(vecF
[p⇥q](M))↵ ckl,

� = kq + l

vecF(vecF
[p⇥q](M))↵ = (vecF

[p⇥q](M))uv,

↵ = (pq)u+ v

↵ = (pq)nk0 + (pq)n�1k1 + · · ·+ kn

= (pq)
�
(pq)n�1k0 + (pq)n�2k1 + · · · kn�1

�
+ kn,

pq�

u = (pq)n�1k0 + (pq)n�2k1 + · · · kn�1,

v = kn = qin + jn,

u vecF[p⇥q](M) Mu

vecF(vecF
[p⇥q](M))↵ = (vecF

[p⇥q](M))uv = mi0j0mi1j1 · · ·minjn .

�
vecF(vecF

[p⇥q](M))⌦ vecF(C)T
�
↵�

= mi0j0mi1j1 · · ·minjnckl.



↵, � 0  ↵ < (pq)n+1

0  � < pq
�
vecF

[p⇥q](C ⌦M)
�
↵�

=
�
vecF(C)⌦ vecF

[p⇥q](M)
�
↵�

.

↵ vecF[p⇥q](C ⌦M) vecF ((C ⌦M)↵) (C ⌦M)↵

(C ⌦M)↵ = cijM↵,

↵ = i(pq) + j

vecF((C ⌦M)↵)� = vecF(cijM↵)� = cij vecF(M↵)�.

↵
�
vecF(C)⌦ vecF[p⇥q](M)

�

cij vecF(M↵),

↵ = i(pq) + j
�
vecF(C)⌦ vecF

[p⇥q](M)
�
↵�

= cij vecF(M↵)�.

⇤
vecF[p⇥q]

n � 0 A 2 Kpn+2⇥qn+2

M 2 Kpn+1⇥qn+1
C 2 Kp⇥q A = M ⌦ C

rango(vecF[p⇥q](A)) = 1
M ⌦ C =

M 0 ⌦ C 0 M = �M 0 C = ��1C 0 � 2 K

A = M ⌦ C

vecF
[p⇥q](M ⌦ C) = vecF(vecF

[p⇥q](M))⌦ vecF(C)T

rango(vecF[p⇥q](A)) = 1
rango(vecF[p⇥q](A)) = 1 vecF[p⇥q](A)

vecF(A↵) ↵

vecF
[p⇥q](A) =

2

664

�0 vecF(A↵)T

:
:

�(pq)m�1�1 vecF(A↵)T

3

775 =

2

664

�0
:
:

�(pq)m�1�1

3

775⌦ vecF(A↵)
T .

C = A↵ M 2 Kpn+1⇥qn+1

vecF(vecF
[p⇥q](M)) = [�0 · · ·�(pq)m�1�1]

T .

vecF
[p⇥q](A) = vecF

[p⇥q](M ⌦ C)



A = M ⌦ C
A = M ⌦ C

{vecF(C)T} 1
vecF[p⇥q](A) ⇤

A 2 Kpm⇥qm

m Kp⇥q

C1, C2, · · · , Cm 2 Kp⇥q A = C1 ⌦ · · ·Cm

A 2 Kpm⇥qm C1, . . . , Cm 2 Kp⇥q

A = C1 ⌦ C2 ⌦ · · ·⌦ Cm rango(vecF[p⇥q](A)) = 1

rango(vecF[p⇥q](A)) = 1

A 2 R23⇥23

A =

0

BBBBBBBBBB@

2 0 4 0 6 0 8 0
0 �2 0 �4 0 �6 0 �8
�2 0 0 0 4 0 6 0
0 2 0 0 0 �4 0 �6
0 0 �2 0 8 0 4 0
0 0 0 2 0 �8 0 �4
4 0 2 0 �2 0 0 0
0 �4 0 �2 0 2 0 0

1

CCCCCCCCCCA

.

vecF
[2⇥2](A) =

0

BBBBBBBBBBBBBBBBBBBBBBBBBB@

2 0 0 �2
4 0 0 �4
�2 0 0 2
0 0 0 0
6 0 0 �6
8 0 0 �8
4 0 0 �4
6 0 0 �6
0 0 0 0
�2 0 0 2
4 0 0 �4
2 0 0 �2
8 0 0 �8
4 0 0 �4
�2 0 0 2
0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCCA

,

rango(vecF[2⇥2](A)) = 1

A = B ⌦ C =

0

BB@

1 2 3 4
�1 0 2 3
0 �1 4 2
2 1 �1 0

1

CCA⌦
✓
2 0
0 �2

◆
.



rango(vecF[2⇥2](B)) = 4 B
K2⇥2 A

3

A 2 Kpm⇥qm m Kp⇥q

A 2 Kpm⇥qm rango(vecF[p⇥q](A)) = 1

A = M1 ⌦ C1.

rango(vecF[p⇥q](M1)) = 1

M1 = M2 ⌦ C2.

Mk 1  k < m

Mk = Mk+1 ⌦ Ck+1

A = Cm ⌦ · · ·⌦ C1.

vecF(C)⌦(n+1) ⌦ vecF(C)T

K(pq)n+1⇥pq

(↵, �)

C⌦(n+2)

C 2 Kp⇥q

⇣
vecF(C)⌦(n+1) ⌦ vecF(C)T

⌘

↵�
= vecF(C)i0 · · · vecF(C)in vecF(C)�

↵ = i0(pq)n + i1(pq)n�1 + · · ·+ in�1(pq) + in pq ↵

n = 0 vecF(C) 2 Kpq⇥1

⇣
vecF(C)⌦ vecF(C)T

⌘

↵�
= (vecF(C))ij

⇣
vecF(C)T

⌘

kl



↵ = 1.i + k � = (pq)j + l ↵ 1 � pq
k = 0 i = ↵ 0  � < pq

j = 0 l = �

⇣
vecF(C)⌦ vecF(C)T

⌘

↵�
= (vecF(C))↵0

⇣
vecF(C)T

⌘

0�
= vecF(C)↵ vecF(C)�,

↵ = ↵(pq)0

n+ 1 = k

⇣
vecF(C)⌦k ⌦ vecF(C)T

⌘

↵�
= vecF(C)i1 · · · vecF(C)ik vecF(C)�.

↵ = i1(pq)k�1+ i2(pq)k�2+ · · ·+ ik�1(pq)+ ik
n+ 1 = k + 1

⇣
vecF(C)⌦(k+1) ⌦ vecF(C)T

⌘

↵�
=
⇣
vecF(C)⌦

⇣
vecF(C)⌦k ⌦ vecF(C)T

⌘⌘

↵�

= (vecF(C))i0j

⇣
vecF(C)⌦k ⌦ vecF(C)T

⌘

j0l
,

↵ = (pq)ki0 + j0 � = (pq)j + l 0  � < pq
l = � j = 0

⇣
vecF(C)⌦k ⌦ vecF(C)T

⌘

j0�
= vecF(C)i1 · · · vecF(C)ik vecF(C)�

j0 = i1(pq)
k�1 + i2(pq)

k�2 + · · ·+ ik�1(pq) + ik,

↵ = i0(pq)
k + j0,

⇣
vecF(C)⌦(k+1) ⌦ vecF(C)T

⌘

↵�
= vecF(C)i0 · · · vecF(C)ik vecF(C)�.

↵ = i0(pq)
k + i1(pq)

k�1 + i2(pq)
k�2 + · · ·+ ik�1(pq) + ik,

⇤

C 2 Kp⇥q

vecF
[p⇥q](C⌦(n+2)) = vecF(C)⌦(n+1) ⌦ vecF(C)T .



n = 0

vecF
[p⇥q](C⌦2) = vecF(vecF

[p⇥q](C))⌦ vecF(C)T

vecF(vecF[p⇥q](C)) = vecF(C)
n = k n = k+1

vecF
[p⇥q](C⌦(k+3)) = vecF(C)⌦ vecF

[p⇥q](C⌦(k+2))

= vecF(C)⌦ vecF(C)⌦(k+1) ⌦ vecF(C)T

= vecF(C)⌦(k+2) ⌦ vecF(C)T .

⇤

A 2 Cpm⇥qm

m � 2 m m

C,D 2 Cp⇥q C⌦m = D⌦m m � 2
D = !C ! 2 C !m = 1

C⌦m = D⌦m vecF[p⇥q](C⌦m) = vecF[p⇥q](D⌦m)
1

vecF(C)⌦(m�1) ⌦ vecF(C)T = vecF(D)⌦(m�1) ⌦ vecF(D)T ,

vecF(D) = !vecF(C) ! 2 C !m = 1. ⇤

Kpm⇥qm m � 2
Kp⇥q

vecF[p⇥q](A) A

C 2 Kp⇥q m � 2

vecF
[p⇥q](C⌦m) = [B(�,0)] 2 M(pq)m�2⇥1(Kpq⇥pq)

rango(vecF[p⇥q](C⌦m)) = 1

B(�,0) 1

m � 3 k 0  k < pq

(B(�,0))kk = cmij ,

k = iq + j � = k(pq)m�3 + · · ·+ k(pq) + k



m � 3 k � (B(�,0))kk 6= 0
B(�,0) = ��B(�,0)

�� =
(vecF(C)⌦(m�2))�
(vecF(C)⌦(m�2))�

=
(B(�,0)(k,�)⌦(m�2))�

((B(�,0))kk)
m�2

.

vecF
[p⇥q](C⌦m) = vecF(C)⌦(m�1) ⌦ vecF(C)T .

vecF[p⇥q](C⌦m) = vecF(C)⌦(m�1) ⌦ vecF(C)T

vecF
[p⇥q](C⌦m) = vecF(C)⌦(m�2) ⌦ (vecF(C)⌦ vecF(C)T ).

B(�,0) = (vecF(C)⌦(m�2))�(vecF(C)⌦ vecF(C)T ),

1

k B(�,0) (C⌦m)↵
↵ = �(pq) + k. k = iq + j

(B(�,0))kk = vecF((C
⌦m)↵)k = ((C⌦m)↵)ij.

↵ = �(pq) + k = k(pq)m�2 + · · ·+ k(pq) + k

((C⌦m)↵)ij =
�
cm�1
ij C

�
ij
= cmij .

C 6= 0 i, j cij 6= 0 (B(�,0))kk 6= 0
k = iq + j � = k(pq)m�3 + · · · + k(pq) + k vecF[p⇥q](C⌦m) =

vecF(C)⌦(m�1) ⌦ vecF(C)T B(�,0)

B(�,0) = (vecF(C)⌦(m�2))�
⇣
vecF(C)⌦ vecF(C)T

⌘
.

B(�,0) = (vecF(C)⌦(m�2))�
⇣
vecF(C)⌦ vecF(C)T

⌘

B(�,0) =
(vecF(C)⌦(m�2))�
(vecF(C)⌦(m�2))�

B(�,0).

B(�,0)(k, 0) vecF[p⇥q](C⌦m)

1 vecF(C)⌦(m�1) ⌦ vecF(C)T

vecF[p⇥q](C⌦m) {B(�,0)(k, 0)}
{vecF(C)} vecF(C) = µB(�,0)(k, 0) µ 6= 0

(vecF(C)⌦(m�2))�
(vecF(C)⌦(m�2))�

=
(B(�,0)(k,�)⌦(m�2))�

((B(�,0))kk)
m�2

.



⇤
C vecF[p⇥q](C⌦m)

m � 2 1
1

A = C⌦m 2 Kpm⇥qm C 2 Kp⇥q

vecF[p⇥q](A)

vecF
[p⇥q](A) = v⌦(m�1)

��A
��
F
vT ,

v =
vecF(C)�� vecF(C)

��
2

.

B(�,0) vecF[p⇥q](A)

B(�,0) = (vecF(C)⌦(m�2))�(vecF(C)⌦ vecF(C)T ).

v =
vecF(C)�� vecF(C)

��
2

B(�,0) = (vecF(C)⌦(m�2))�
�� vecF(C)

��
2
2 (v ⌦ vT )
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[p⇥q](A) =

�� vecF(C)
��m
2
v⌦(m�2) ⌦ v ⌦ vT
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⇣
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A 2 Cpm⇥qm

m > 2
A

C

A 2 Cpn+2⇥qn+2
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[p⇥q](A) = [B(�,0)] 2 M(pq)n⇥1(Cpq⇥pq)

B(�,0) 1

n > 0 k 0  k < pq (B(�,0))kk � =
k(pq)n�1 + · · ·+ k(pq) + k � 0  � < (pq)n B(�,0) = ��B(�,0)
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(B(�,0)(k,�)⌦n)�
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n

A = C⌦(n+2) C 2 Cp⇥q

vecF (C) =
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x n = 0 B(0,0) = xxT ;
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(B(�,0))kk
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n = 0
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[p⇥q](A) = B(0,0) = xxT

1
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�
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�
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�
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�
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C
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(vecF[p⇥q](A))ij s
B(�,0) 0  � < (pq)n 0  s < pq i = �(pq) + s

(vecF
[p⇥q](A))ij = B(�,0)(s, j).
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n�2 + · · ·+ tn�2(pq) + tn�1,
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B(�,0) =
1
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1
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B(10,0) =
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�
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� 3
4
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2 C2⇥2.

A 2 Cpm⇥qm

vecF[p⇥q](A)
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A 2 Rpn+2⇥qn+2

n n TrB(�,0) > 0 C 2 Rp⇥q
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M
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M 2 Mn⇥n(Rn⇥n) M(i,j) 0 
i, j < n

K(pq) 2 Mp⇥q(Rq⇥p)
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⇢
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hii =

(
4n+ 4 i = q(n+ 1), 0  q < n,

4n ,

hij =

(
4 i = q(n+ 1), j = q0(n+ 1), q 6= q0,

0 .

H
[Mk] k + 1 0  k < n2 q

0  t < n q(1 + n)  k < (q + 1)(n+ 1)

[Mk] = 4k+1(n+ q + 1)nk,

n q+1
X̂ ⇤

G H G H

A(G �H) = A(G)� A(H).

M 0 1

mı́n
��M � (A(G)� A(G))
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F
2

G

n � 0 M 2 Kpn+2⇥qn+2

M = (M(i,j)) 2 Mpn+1⇥qn+1(Kp⇥q)
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F
2.

x =
vecF(X)
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F
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vecF[p⇥q](M)
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F
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vecF[p⇥q](M) = [M(�,0)]

M(�,0) = M+
(�,0) +M�

(�,0),

0  � < (pq)n

vecF
[p⇥q](M) =

2

6664

M(0,0)

M(1,0)

M((pq)n�1,0)

3

7775
=

2

66664

M+
(0,0) +M�

(0,0)

M+
(1,0) +M�

(1,0)

M+
((pq)n�1,0) +M�

((pq)n�1,0)

3

77775
,

vecF
[p⇥q](M) = vecF

[p⇥q](M)
+
+ vecF

[p⇥q](M)
�
.

S,K S = ST K = �KT

��S +K
��
F
2 =

��S
��
F
2 +

��K
��
F
2,



M(�,0)

��vecF[p⇥q](M)
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+
+ vecF

[p⇥q](M)
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A(G) vecF[p⇥p](A(G)) = [B(�,0)]

m = 2 G = H⌦2 vecF[p⇥p](A(G)) = B(0,0)

1 A(H) = C vecF(C) vecF(C)T = B(0,0)
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A(G) 2 R43⇥43 M4⇥4(R42⇥42)
vecF[4⇥4](A(G)) S1

42 M24⇥1(R42⇥42)
B(2,0), B(6,0), B(8,0)B(9,0), B(11,0) B(14,0)

0

BBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 1 1 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 1 1 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 1 1 0 1 0 0 1 0
0 0 1 0 0 0 1 0 1 1 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 1 1 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 1 1 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCCA

.

vecF
�1(B(2,0)(2,�)) =

0

BB@

0 0 1 0
0 0 1 0
1 1 0 1
0 0 1 0

1

CCA

H

•

•

•

•

1 2

3

4

.................................................................................

...................................................................................................................................................................................................

G = H⌦3

H G = H⌦2

0

BB@

0 0 1 0
0 0 1 0
1 1 0 1
0 0 1 0

1

CCA =

0

BB@

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

1

CCA

0

BB@

0 1 0 0
1 0 1 1
0 1 0 0
0 1 0 0

1

CCA ,



Mn ⇢ Rn⇥n

G1

G2

A(G1 �G2) = A(G1)� A(G2).

M 2 Rn2⇥n2
X 2 Rn⇥n

��M � (XT � X)
��
F
2. M 2 Rn2⇥n2

H M = A(G)� A(G)
G H = G �G

M 2 R42⇥42

M =

0

BBBBBBBBBBBBBBBBBBBBBBBBBB@

0 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0
1 0 1 1 0 1 0 0 0 1 0 0 0 1 0 0
1 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0
1 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1
1 0 0 0 0 1 1 1 1 0 0 0 1 0 0 0
0 1 0 0 1 0 1 1 0 1 0 0 0 1 0 0
0 0 1 0 1 1 0 0 0 0 1 0 0 0 1 0
0 0 0 1 1 1 0 0 0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0 0 1 1 1 0 0 0 0
0 1 0 0 0 1 0 0 1 0 1 1 0 0 0 0
0 0 1 0 0 0 1 0 1 1 0 0 0 0 0 0
0 0 0 1 0 0 0 1 1 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 1
0 0 1 0 0 0 1 0 0 0 0 0 1 1 0 0
0 0 0 1 0 0 0 1 0 0 0 0 1 1 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCCA

.

Q = M + PMP P = K(44)

mı́n
��M � (XT �X)

��
F
2 .

(X̂)ij =

8
>>><

>>>:

Tr(Q(i,j)))

2n
, i 6= j

nTr(Q(i,i))� Tr(M)

2n2
, i = j,



X̂ =

0

BB@

0 1 1 1
1 0 1 1
1 1 0 0
1 1 0 0

1

CCA

G

•

•

•

•

1

2

3

4
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G M = A(G �G)

A X⌦m = B

A X⌦m +X⌦m A = B

A1 X⌦m B1 + A2 X⌦m B2 + · · ·+ Ak X⌦m Bk = C

A,B,Ai, Bi 2 Kpn+2⇥pn+2
X 2 Kp⇥p

A X⌦m = B

A,B 2 Kpm⇥pm X 2 Kp⇥p

A X⌦m = B.

A
A�1 X⌦m = A�1B



A =

0

BBBBBBBBBB@

1 1 0 0 0 0 0 0
0 2 1 0 0 0 0 0
0 0 3 1 0 0 0 0
0 0 0 �1 1 0 0 0
0 0 0 0 �2 1 0 0
0 0 0 0 0 1 1 0
0 0 0 0 0 0 3 1
0 0 0 0 0 0 0 �2

1

CCCCCCCCCCA

B =

0

BBBBBBBBBB@

0 0 0 0 0 0 �4 12
0 0 0 0 0 �4 �8 12
0 0 0 0 2 �14 �2 14
0 0 0 �4 �2 2 2 2
0 0 2 6 0 0 �2 �6
0 2 2 �4 0 �2 �2 4
�1 7 1 �7 1 �7 �1 7
2 �2 �2 2 �2 2 2 �2

1

CCCCCCCCCCA

A X⌦3 = B.

A det(A) = �72

X⌦3 = A�1B =

0

BBBBBBBBBB@

0 0 0 0 0 0 0 8
0 0 0 0 0 0 �4 4
0 0 0 0 0 �4 0 4
0 0 0 0 2 �2 �2 2
0 0 0 �4 0 0 0 4
0 0 2 �2 0 0 �2 2
0 2 0 �2 0 �2 0 2
�1 1 1 �1 1 �1 �1 1

1

CCCCCCCCCCA

.



vecF
[2⇥2](A�1B) =

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

· · · · · ·
0 0 0 0
0 8 �4 4
0 �4 2 �2
0 4 �2 2

· · · · · ·
0 0 0 0
0 �4 2 �2
0 2 �1 1
0 �2 1 �1

· · · · · ·
0 0 0 0
0 4 �2 2
0 �2 1 �1
0 2 �1 1

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

2 S1
22

vecF (X) = B(2,0)(2,�) = (0 , 2 , �1 , 1)

X =

✓
0 2
�1 1

◆

A�1B
vecF[p⇥p](A�1B)

A X⌦m =
B

A =

0

BBBBBBBBBB@

1 0 0 0 1 0 0 1
2 0 1 0 1 0 2 1
0 0 1 0 4 0 1 2
1 1 1 0 0 0 1 0
1 0 2 0 0 1 0 2
0 1 0 0 0 3 0 0
0 2 0 3 0 4 0 1
1 4 1 2 0 1 0 0

1

CCCCCCCCCCA

, B =

0

BBBBBBBBBB@

0,001 0 0 0,0001 0 0 0 0
0,002 0 0 0,0002 0 0 0 0
0 0 0 0 0 0 0 0

0,001 0 0 0,0001 0 0 0 0
0,0001 0 0 0,0001 0 0 0 0

0 0 0 0 0 0 0 0
0,0003 0 0 0 0 0 0 0
0,0012 0 0 0,0001 0 0 0 0

1

CCCCCCCCCCA

A X⌦3 = B A
det(A) = �8



A�1B =

0

BBBBBBBBBB@

0,001 0 0 0,0001 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

0,0001 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

1

CCCCCCCCCCA

,

vecF
[2⇥2](A�1B) =

0

BBBBBBBBBBBBBBBBBBBBBBBBBB@

0,001 0 0 0
0 0,001 0 0
0 0 0,0001 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCCA

.

3
vecF[2⇥2](A�1B)+

�1 = �2 = 0,001

X 2 R2⇥2 0,001 A�1B

mı́n
��A�1B �X⌦3

��
F
2 = 0,001.

A X⌦m +X⌦m B = C

A,B,C 2 Kpm⇥pm X 2 Kp⇥p

A X⌦m +X⌦m B = C.

�
I ⌦ A+BT ⌦ I

�
vec(X⌦m) = vec(C).

X⌦m = vec�1
�
(I ⌦ A+BT ⌦ I)�1 vec(C)

�
,

X



A X⌦2 +X⌦2 B = C

A =

0

BB@

1 2 0 �1
1 1 0 �1
2 0 1 1
3 0 1 �2

1

CCA , B =

0

BB@

1 0 0 1
2 1 0 1
2 �1 1 2
�1 0 1 1

1

CCA , C =

0

BB@

6 4 8 18
1 4 4 8
2 3 8 15
2 6 8 13

1

CCA .

�
I ⌦ A+BT ⌦ I

�
vec(X⌦2) = vec(C)

0

BBBBBBBBBBBBBBBBBBBBBBBBB@

2 2 0 �1 2 0 0 0 2 0 0 0 �1 0 0 0
1 2 0 1 0 2 0 0 0 2 0 0 0 �1 0 0
2 0 2 1 0 0 2 0 0 0 2 0 0 0 �1 0
3 0 1 �1 0 0 0 2 0 0 0 2 0 0 0 �1
0 0 0 0 2 2 0 �1 �1 0 0 0 0 0 0 0
0 0 0 0 1 2 0 1 0 �1 0 0 0 0 0 0
0 0 0 0 2 0 2 1 0 0 �1 0 0 0 0 0
0 0 0 0 3 0 1 �1 0 0 0 �1 0 0 0 0
0 0 0 0 0 0 0 0 2 2 0 �1 1 0 0 0
0 0 0 0 0 0 0 0 1 2 0 1 0 1 0 0
0 0 0 0 0 0 0 0 2 0 2 1 0 0 1 0
0 0 0 0 0 0 0 0 3 0 1 �1 0 0 0 1
1 0 0 0 1 0 0 0 2 0 0 0 2 2 0 �1
0 1 0 0 0 1 0 0 0 2 0 0 1 2 0 1
0 0 1 0 0 0 1 0 0 0 2 0 2 0 2 1
0 0 0 1 0 0 0 1 0 0 0 2 3 0 1 �1

1

CCCCCCCCCCCCCCCCCCCCCCCCCA

vec(X⌦2) =

0

BBBBBBBBBBBBBBBBBBBBBBBBB@

6
1
2
2
4
4
3
6
8
4
8
8
18
8
15
13

1

CCCCCCCCCCCCCCCCCCCCCCCCCA

.

(I ⌦ A) + (BT ⌦ I)

vec(X⌦2) =
⇥
(I ⌦ A) + (BT ⌦ I)

⇤�1
vec(C)

=
�
1 0 0 0 2 1 0 0 2 0 1 0 4 2 2 1

�T

X⌦2 =

0

BB@

1 2 2 4
0 1 0 2
0 0 1 2
0 0 0 1

1

CCA .

vecF
[2⇥2](X⌦2) =

0

BB@

1 2 0 1
2 4 0 2
0 0 0 0
1 2 0 1

1

CCA =

0

BB@

1
2
0
1

1

CCA
�
1 2 0 1

�
,

X = vecF
�1(x) =

✓
1 2
0 1

◆
.

M
M †



M 2 Km⇥n rango(M) = n M † = (MMT )�1MT m = n =
rango(M) M † = M�1

M = U⌃V T �1 � �2 � · · · � �r > 0

M † = V ⌃†UT ,

⌃† = diag(��1
1 , · · · , ��1

r , 0, · · · , 0)

Mx = c M 2 Km⇥n

c 2 Kn⇥1 rango(M) = r
x? kMx�ck2 x? = M †c

�? = k(I �MM †)ck2

A =

0

BB@

1 0 0 �1
1 0 0 �1
2 0 0 �1
3 0 1 0

1

CCA , B =

0

BB@

1 0 0 0
2 1 0 0
2 �1 0 0
�1 0 0 0

1

CCA , C =

0

BB@

2 0 0 0
1 0 0 0
2 0 0 0
3 0 0 0

1

CCA ,

�
I ⌦ A+BT ⌦ I

�
vec(X⌦2) = vec(C)

0

BBBBBBBBBBBBBBBBBBBBBBBBB@

2 0 0 �1 2 0 0 0 2 0 0 0 �1 0 0 0
1 1 0 �1 0 2 0 0 0 2 0 0 0 �1 0 0
2 0 1 1 0 0 2 0 0 0 2 0 0 0 �1 0
3 0 1 1 0 0 0 2 0 0 0 2 0 0 0 �1
0 0 0 0 2 0 0 �1 �1 0 0 0 0 0 0 0
0 0 0 0 1 1 0 �1 0 �1 0 0 0 0 0 0
0 0 0 0 2 0 1 1 0 0 �1 0 0 0 0 0
0 0 0 0 3 0 1 1 0 0 0 �1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 �1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 �1 0 1 0 0
0 0 0 0 0 0 0 0 2 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 3 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 �1
0 1 0 0 0 0 0 0 0 2 0 0 1 0 0 �1
0 0 1 0 0 0 0 0 0 0 0 0 2 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 3 0 1 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCA

vec(X⌦2) =

0

BBBBBBBBBBBBBBBBBBBBBBBBB@

2
1
2
3
0
0
0
0
0
0
0
0
0
0
0
0

1

CCCCCCCCCCCCCCCCCCCCCCCCCA

.

14



vec(X⌦2) =
⇥
(I ⌦ A) + (BT ⌦ I)

⇤†
vec(C) =

0

BBBBBBBBBBBBBBBBBBBBBBBBBB@

1,0000e+00

7,3830e�15

1,9540e�14

�8,8818e�15

8,9421e�16

�2,4425e�15

�1,7084e�15

9,9930e�16

2,9415e�17

�2,7756e�15

�2,0836e�16

2,0276e�16

6,6507e�17

1,2212e�15

�5,1470e�16

2,0524e�16

1

CCCCCCCCCCCCCCCCCCCCCCCCCCA

� = 3,7386e�15

vec(X⌦2) =
�
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

�T

X⌦2 =

0

BB@

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

1

CCA .

vecF
[2⇥2](X⌦2) =

0

BB@

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

1

CCA =

0

BB@

1
0
0
0

1

CCA
�
1 0 0 0

�
,

X = vecF
�1(x) =

✓
1 0
0 0

◆

A1X⌦mB1 + · · ·+ AkX⌦mBk = C

Ai, Bi, C 2 Kpm⇥pm X 2 Kp⇥p

A1X
⌦mB1 + A2X

⌦mB2 + · · ·+ AkX
⌦mBk = C.

vec(X⌦m)
�
BT

1 ⌦ A1 +BT
2 ⌦ A2 + · · ·+BT

k ⌦ Ak

�
vec(X⌦m) = vec(C),



X⌦m = vec�1
⇣�

BT
1 ⌦ A1 +BT

2 ⌦ A2 + · · ·+BT
k ⌦ Ak

��1
vec(C)

⌘

X

A1X
⌦3B1 + A2X

⌦3B2 + A3X
⌦3B3 = C

A1 =

0

BBBBBBBBBB@

1 1 0 �1 2 1 0 1
2 �1 1 1 2 1 1 �2
1 2 0 �1 2 3 0 1
2 �1 1 1 2 3 1 �2
0 1 0 �1 2 1 0 1
2 �1 1 4 2 1 1 �2
1 0 0 �1 2 1 0 1
0 �1 1 1 2 3 1 �2

1

CCCCCCCCCCA

, B1 =

0

BBBBBBBBBB@

1 2 0 �1 2 3 0 1
1 0 0 0 1 �2 0 1
0 0 0 1 1 0 0 0
1 1 1 2 2 2 0 0
2 �1 1 1 2 3 1 �2
1 0 1 0 1 0 1 0
1 2 3 1 2 3 1 2
0 0 1 1 0 0 1 0

1

CCCCCCCCCCA

,

A2 =

0

BBBBBBBBBB@

0 1 0 �1 2 1 0 1
2 �1 1 4 2 1 1 �2
1 1 1 2 2 2 2 1
0 0 1 3 0 0 1 3
0 1 1 1 0 0 0 1
1 1 0 0 0 1 0 0
2 1 3 1 0 1 0 0
1 0 0 0 0 0 1 2

1

CCCCCCCCCCA

, B2 =

0

BBBBBBBBBB@

�1 1 0 �1 2 1 0 1
2 �1 5 1 2 1 1 �2
1 0 0 0 0 1 0 1
�2 1 2 �1 0 0 0 0
0 0 0 1 0 0 0 1
2 1 3 1 2 3 3 2
1 0 0 0 0 0 2 1
1 0 0 0 0 0 0 0

1

CCCCCCCCCCA

,

A3 =

0

BBBBBBBBBB@

1 0 0 �1 2 1 0 1
0 �1 1 1 2 3 1 �2
�1 0 �1 0 2 0 2 0
1 0 0 0 0 0 0 0
1 1 1 1 1 0 0 0
0 0 1 1 0 0 1 1
0 1 0 0 0 1 0 0
0 0 0 0 �1 0 0 0

1

CCCCCCCCCCA

,

B3 =

0

BBBBBBBBBB@

1 �1 0 �1 3 �1 0 1
�2 �1 1 1 2 3 1 �2
1 0 0 0 0 0 2 1
1 2 3 1 2 3 1 2
0 0 0 1 1 0 0 0
1 0 �1 2 1 0 1 0
1 1 0 �1 2 1 0 1
1 1 0 0 0 1 0 0

1

CCCCCCCCCCA



C =

0

BBBBBBBBBB@

74 42 85 51 85 85 71 35
�208 �129 �223 �112 �223 �237 �193 �125
�6 �8 6 �6 2 �11 �6 �7
�41 �35 �55 �89 �73 �62 �35 �13
38 21 73 30 45 48 45 17
�62 �40 �128 �83 �90 �86 �76 �24
17 3 29 27 29 21 17 �4
�35 �40 �71 �83 �79 �68 �29 �9

1

CCCCCCCCCCA

.

�
BT

1 ⌦ A1 +BT
2 ⌦ A2 +BT

3 ⌦ A3

�
vec(X⌦3) = vec(C)

BT
1 ⌦A1+BT

2 ⌦A2+BT
3 ⌦A3 2 R26⇥26

X⌦3 = vec�1
⇣�

BT
1 ⌦ A1 +BT

2 ⌦ A2 +BT
3 ⌦ A3

��1
vec(C)

⌘
.

vecF[2⇥2]
⇣�

BT
1 ⌦ A1 +BT

2 ⌦ A2 +BT
3 ⌦ A3

��1
vec(C)

⌘

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

· · · · · ·
0 0 0 0
0 �1 1 2
0 1 �1 �2
0 2 �2 �4

· · · · · ·
0 0 0 0
0 1 �1 �2
0 �1 1 2
0 �2 2 4

· · · · · ·
0 0 0 0
0 2 �2 �4
0 �2 2 4
0 �4 4 8

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

.

vecF (X) = B(1,0)(1,�) = (0 , �1 , 1 , 2)

X =

✓
0 �1
1 2

◆
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