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Abstract

Two and three-body scattering problems are of crucial relevance in atomic physics as
they allow to describe different atomic collision processes. Nowadays, the two-body cases
can be solved with any degree of numerical accuracy. Scattering problem involving three
charged particles are notoriously difficult but something similar —though to a lesser extent-
can be stated.

The aim of this work is to contribute to the understanding of three-body Coulomb
scattering problems from an analytical point of view. This is not only of fundamental
interest, it is also useful to better master numerical approaches that are being developed
within the collision community. To achieve this aim we propose to approximate
scattering solutions with expansions on sets of appropriate functions having closed form.
In so doing, we develop a number of related mathematical tools involving Coulomb
functions, homogeneous and non-homogeneous second order differential equations, and
hypergeometric functions in one and two variables.

First we deal with the two-body radial Coulomb wave functions, and review their
main properties. We extend known results to give in closed form the Laguerre expansions
coefficients of the irregular solutions, and establish a new connection between the
coefficients corresponding to the regular solution and Meixner-Pollaczek polynomials.
This relation allows us to obtain an orthogonality and closure relation for these coefficients
considering the charge as a variable.

Then we explore two-variable hypergeometric functions. For some of them, such as
Appell and confluent Horn functions, we find closed form for the derivatives with respect
to their parameters.

We also study a particular set of two-body Generalized Sturmian functions constructed
with a Hulthén generating potential. Contrary to the usual case in which Sturmian
functions are numerically constructed, the Hulthén Sturmian functions can be given in
closed form. Their mathematical properties can thus be analytically studied providing a

unique tool to investigate scattering problems.



2 Abstract

Next, we introduce a novel set of functions that we name Quasi-Sturmian functions.
They constitute an alternative set of functions, given in closed form, to expand the sought
after solution of two- and three-body scattering processes. Quasi-Sturmian functions
are solutions of a non-homogeneous second order Schrodinger-like differential equation
and have, by construction, the appropriate asymptotic behavior. We present different
analytic expressions and explore their mathematical properties, linking and justifying the
developed mathematical tools described above.

Finally we use the studied Hulthén Sturmian and Quasi-Sturmian functions to solve
some particular two- and three-body scattering problems. The efficiency of these sets of

functions is illustrated by comparing our results with those obtained by other methods.



Resumen

Los problemas de dispersién de particulas, como son los de dos y tres cuerpos, tienen
una relevancia crucial en fisica atémica, pues permiten describir diversos procesos de
colisiones. Hoy en dia, los casos de dos cuerpos pueden ser resueltos con el grado de
precisién numérica que se desee. Los problemas de dispersion de tres particulas cargadas
son notoriamente mas dificiles pero ain asi algo similar, aunque en menor medida, puede
establecerse.

El objetivo de este trabajo es contribuir a la comprensién de procesos Coulombianos
de dispersion de tres cuerpos desde un punto de vista analitico. Esto no solo es
de fundamental interés, sino que también es 1util para dominar mejor los enfoques
numéricos que se actualmente se desarrollan dentro de la comunidad de colisiones
atémicas. Para lograr este objetivo, proponemos aproximar la solucién del problema
con desarrollos en series de funciones adecuadas y expresables analiticamente. Al hacer
esto, desarrollamos una serie de herramientas matematicas relacionadas con funciones
Coulombianas, ecuaciones diferenciales de segundo orden homogéneas y no homogéneas,
y funciones hipergeométricas en una y dos variables.

En primer lugar, trabajamos con las funciones de onda Coulombianas radiales y
revisamos sus principales propiedades. Asi, extendemos los resultados conocidos para
dar expresiones analiticas de los coeficientes asociados al desarrollo, en serie de funciones
de tipo Laguerre, de las funciones Coulombianas irregulares. También establecemos una
nueva conexion entre los coeficientes asociados al desarrollo de la funcién Coulombiana
regular y los polinomios de Meixner-Pollaczek. Esta relacién nos permite deducir
propiedades de ortogonalidad y clausura para estos coeficientes al considerar la carga
como variable.

Luego, estudiamos las funciones hipergeométricas de dos variables. Para algunas de
ellas, como las funciones de Appell o las confluentes de Horn, presentamos expresiones
analiticas de sus derivadas respecto de sus parametros.

También estudiamos un conjunto particular de funciones Sturmianas Generalizadas
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de dos cuerpos construidas considerando como potencial generador el potencial de
Hulthén. Contrariamente al caso habitual, en el que las funciones Sturmianas se
construyen numéricamente, las funciones Sturmianas de Hulthén poseen forma analitica.
Sus propiedades matematicas pueden ser analiticamente estudiadas proporcionando
una herramienta tunica para comprender y analizar los problemas de dispersién y sus
soluciones.

Ademas, proponemos un nuevo conjunto de funciones a las que llamamos funciones
Quasi-Sturmianas. FEstas funciones se presentan como una alternativa para expandir
la solucién buscada en procesos de dispersion de dos y tres cuerpos. Se definen
como soluciones de una ecuacion diferencial de tipo-Schrodinger, no homogénea. Por
construccion, incluyen un comportamiento asintético adecuado para resolver problemas
de dispersion. Presentamos diferentes expresiones analiticas y exploramos sus propiedades
matematicas, vinculando y justificando los desarrollos realizados previamente.

Para finalizar, utilizamos las funciones estudiadas (Sturmianas de Hulthén y
Quasi-Sturmianas) en la resolucién de problemas particulares de dos y tres cuerpos.
La eficacia de estas funciones se ilustra comparando los resultados obtenidos con datos

provenientes de la aplicacion de otras metodologias.



Résumé

Les problemes de diffusion de particules, a deux et a trois corps, ont une importance
cruciale en physique atomique, car ils servent a décrire différents processus de collisions.
Actuellement, le cas de deux corps peut étre résolu avec une précision numérique désirée.
Les problemes de diffusion a trois particules chargées sont connus pour étre bien plus
difficiles mais une déclaration similaire peut étre affirmée.

L’objectif de ce travail est de contribuer, d’un point de vue analytique, a la
compréhension des processus de diffusion Coulombiens a trois corps. Ceci a non seulement
un intérét fondamental, mais est également utile pour mieux maitriser les approches
numériques en cours d’élaboration au sein de la communauté de collisions atomiques.
Pour atteindre cet objectif, nous proposons d’approcher la solution du probleme avec des
développements en séries sur des ensembles de fonctions appropriées et possédant une
expression analytique. Nous avons ainsi développé un nombre d’outils mathématiques
faisant intervenir des fonctions Coulombiennes, des équations différentielles de second
ordre homogenes et non-homogenes, et des fonctions hypergéométriques a une et a deux
variables.

Tout d’abord, nous traitons les fonctions d’onde Coulombiennes radiales et rappelons
leurs principales propriétés. Nous étendons certains résultats connus en donnant, pour
les fonctions Coulombiennes irrégulieres, des expressions analytiques pour les coefficients
associés au développement en série avec des fonctions de type Laguerre. Nous établissons
également une nouvelle connexion entre les coefficients associés au développement de la
fonction Coulombienne réguliere et les polynomes de Meixner-Pollaczek. Cette relation
nous permet de déduire des propriétés d’orthogonalité et de fermeture de ces coefficients
en considérant la charge comme variable.

Ensuite, nous étudions les fonctions hypergéométriques a deux variables. Pour
certaines d’entre elles, comme celles d’Appell ou les fonctions confluentes de Horn, nous
présentons des expressions analytiques de leurs dérivées par rapport a leurs parametres.

Nous étudions également un ensemble particulier de fonctions Sturmiennes
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Généralisées a deux corps, construites en considérant le potentiel Hulthén comme potentiel
générateur. Contrairement au cas habituel, dans lequel les fonctions Sturmiennes
sont construites numériquement, les fonctions Sturmiennes de Hulthén possedent une
expression analytique. Leurs propriétés mathématiques peuvent ainsi étre étudiées,
fournissant un outil unique pour comprendre et analyser des problemes de diffusion.

En outre, nous proposons un nouvel ensemble de fonctions que nous appelons
fonctions Quasi-Sturmiennes. Ces fonctions, également présentées sous forme analytique,
sont proposées comme une alternative pour développer la solution de problemes de
diffusion & deux et a trois corps. Elles sont définies comme des solutions d’une
équation différentielle de type Schrodinger, non-homogene, et par construction possedent
un comportement asymptotique approprié. Nous présentons différentes expressions
analytiques en explorant leurs propriétés mathématiques, reliant et justifiant ainsi les
développements mathématiques décrits précédemment.

Enfin, nous utilisons les fonctions étudiées (Sturmiennes de Hulthén et
Quasi-Sturmiennes) pour résoudre certains probléemes a deux et a trois corps. L’efficacité
de ces fonctions est illustrée en comparant les résultats avec ceux obtenus par 'application

d’autres méthodologies.



Abstract for general public

Two and three-body scattering problems are of crucial relevance in atomic physics as
they allow one to describe different atomic collision processes. The aim of this thesis is
to contribute to the understanding of three-body Coulomb scattering problems from an
analytical (mathematical) point of view.

The kind of scattering processes we are interested in here may be sketched as follows.
An electron approaches an atom or a molecule, and interacts within a reaction zone. It is
then scattered and some of the target electrons may be ejected leaving behind a positive
ion. These outgoing electrons enter an asymptotic region where the behavior of the
particles is known. While such scattering processes can be measured experimentally, we
focus here on a theoretical analysis within Quantum Mechanics. The collision dynamics
is described by a many-particle wave function that satisfies a Schrodinger equation
with particular boundary conditions. This is a difficult mathematical problem that
can be tackled only with numerical methods. Most of them use basis functions, the
choice of which is decisive for the efficiency of computations. This thesis focusses on
the construction of appropriate basis functions, and a number of related mathematical
properties.

One important theoretical issue for time-independent three-body scattering problems
is how to impose the correct asymptotic behavior to the wave function. Many spectral
methods use two-body basis functions that generally do not possess the correct behavior
at large distances. One exception are Generalized Sturmian functions, defined as to take
into account the interactions of the problem, thus making them an efficient basis set. We
present and study here an alternative set of functions, expressible in closed form, to be
used for the description of two- and three-body scattering processes.

We begin this thesis by dealing with two-body radial Coulomb wave functions,
reviewing their main properties and extending known results. We provide in closed
form a particular expansion of the irregular solutions, and establish a new connection

between the coefficients of a series expansion of the regular solution and Meixner-Pollaczek
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polynomials.

Then we explore two-variable hypergeometric functions. For some of them, such as
Appell and confluent Horn functions, we find closed form for the derivatives with respect
to their parameters.

We also study a particular set of two-body Generalized Sturmian functions: the
Hulthén Sturmian functions. Contrary to the usual case in which Sturmian functions
are numerically constructed, the Hulthén Sturmian functions can be given in closed form.
Their mathematical properties can thus be analytically studied providing a unique tool
to investigate scattering problems.

Next, we introduce a novel set of functions: the Quasi-Sturmian functions. They
constitute an alternative set of functions, also given in closed form, to expand the sought
after solution of two- and three-body scattering processes. Quasi-Sturmian functions
are solutions of a non-homogeneous second order Schrodinger-like differential equation
and have, by construction, an appropriate asymptotic behavior. We present different
analytic expressions and explore their mathematical properties, linking and justifying the
developed mathematical tools described above.

Finally we use the studied Hulthén Sturmian and Quasi-Sturmian functions to solve
some particular two- and three-body scattering problems. The efficiency of these sets of

functions is illustrated by comparing our results with those obtained by other methods.



Résumé de these vulgarisé pour le

grand public

Les problemes de diffusion a deux et a trois corps sont d'une importance cruciale en
physique atomique car ils permettent de décrire différents processus de collision atomique.
L’objectif de cette these est de contribuer a la compréhension des problemes de diffusion
Coulombiennes a trois corps d’un point de vue analytique (mathématique).

Le genre de processus de diffusion qui nous intéresse peut étre esquissé de la maniere
suivante. Un électron s’approche d’un atome ou d’une molécule et interagit a 'intérieur
d’une zone de réaction. Il est alors diffusé, et certains des électrons de la cible peuvent étre
éjectés en laissant derriere eux un ion positif. Les électrons sortants entrent alors dans une
région asymptotique ou le comportement des particules est connu. Bien que ces processus
de diffusion puissent étre mesurés expérimentalement, nous nous concentrerons ici sur une
analyse théorique dans le cadre de la mécanique quantique. La dynamique de collision
est décrite par une fonction d’onde a plusieurs particules qui satisfait & une équation
de Schrodinger avec des conditions aux limites particulieres. Il s’agit d’un probleme
mathématique difficile qui ne peut étre abordé que par des méthodes numériques. La
plupart d’entre elles utilise des fonctions de base dont le choix est décisif pour 'efficacité
des calculs. Cette these porte sur la construction de fonctions de base appropriées et sur
un certain nombre de propriétés mathématiques liées a ces fonctions.

Un point théorique important pour les problemes de diffusion a trois corps est de
savoir comment imposer a la fonction d’onde le comportement asymptotique correct.
De nombreuses méthodes spectrales utilisent des fonctions de base a deux corps qui ne
possedent généralement pas le bon comportement a grandes distances. Une exception
est donnée par les fonctions Sturmiennes Généralisés, définies en tenant compte des
interactions du probleme ce qui rend efficace la base. Nous présentons et étudions ici
un ensemble alternatif de fonctions, exprimées sous forme analytique, qui peuvent étre

utilisées pour décrire des processus de diffusion a deux et a trois corps.
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Tout d’abord, nous traitons les fonctions d’onde Coulombiennes radiales et rappelons
leurs principales propriétés. Nous étendons certains résultats connus en donnant, pour les
fonctions Coulombiennes irrégulieres, un développement en série particulier, et établissons
également une nouvelle connexion entre les coefficients associés au développement de la
fonction Coulombienne réguliere et les polynomes de Meixner-Pollaczek.

Ensuite, nous étudions les fonctions hypergéométriques a deux variables. Pour
certaines d’entre elles, comme celles d’Appell ou les fonctions confluentes de Horn, nous
présentons des expressions analytiques de leurs dérivées par rapport a leurs parametres.

Nous étudions également un ensemble particulier de fonctions Sturmiennes
Généralisées a deux corps, construites en considérant le potentiel Hulthén comme potentiel
générateur. Contrairement au cas habituel, dans lequel les fonctions Sturmiennes
sont construites numériquement, les fonctions Sturmiennes de Hulthén possedent une
expression analytique. Leurs propriétés mathématiques peuvent ainsi étre étudiées,
fournissant un outil unique pour comprendre et analyser des problemes de diffusion.

En outre, nous proposons un nouvel ensemble de fonctions que nous appelons
fonctions Quasi-Sturmiennes. Ces fonctions, également présentées sous forme analytique,
sont proposées comme une alternative pour développer la solution de problemes de
diffusion & deux et a trois corps. Elles sont définies comme des solutions d’une
équation différentielle de type Schrodinger, non-homogene, et par construction possedent
un comportement asymptotique approprié. Nous présentons différentes expressions
analytiques en explorant leurs propriétés mathématiques, reliant et justifiant ainsi les
développements mathématiques décrits précédemment.

Enfin, nous utilisons les fonctions étudiées (Sturmiennes de Hulthén et
Quasi-Sturmiennes) pour résoudre certains probléemes a deux et a trois corps. L’efficacité
de ces fonctions est illustrée en comparant les résultats avec ceux obtenus par 'application

d’autres méthodologies.



Introduction

The use of basis functions to describe certain atomic and molecular processes is a
standard strategy in Quantum Mechanics. It provides a theoretical approach to problems
for which, in most cases, the analytical solution is not available. A very well known
example is provided by the wave functions associated to the bound states of the hydrogen
atom. These wave functions are given in terms of the energy and angular momentum
eigenfunctions [1].

Scattering processes cannot be treated as easily as bound state problems, i.e. as an
eigenvalue problem [2; 3]. Also, except for a few two-body problems, the solution is not
known in closed form. In general, one can propose to expand the solution in terms of
basis functions, but in this case it is not so clear which is the most appropriate one.

The methods that use basis functions to approximate the solution of a differential
equation are known as spectral methods [4]. The J-matrix [5-8|, the convergent close
coupling [9-11], the exterior complex scaling [12-14], the configuration-interaction [15, 16]
and the Sturmian methods [17-19] are examples of spectral methods used to describe
different scattering problems. Basis functions are selected through mathematical or
numerical considerations. A very important aspect to be considered when choosing a
set of functions to represent the scattering solution is the expected asymptotic behavior
of the wave function.

In bound states, the domain of the wave functions is a bounded region outside of which
they asymptotically vanish. In contrast, for continuum states the domain is not bounded,
hence their behavior cannot be neglected at large distances. For two charged particles,
scattering problems can generally be solved and the asymptotic behavior properly imposed
to the solution. For three charged particles, obtaining the correct asymptotic behavior of
the resulting wave function has become a great challenge since the contributions of Rudge
[20] and Peterkop [21]. These authors made a first description of the asymptotic form of
the scattering solution (see also [22]). Later Kadyrov and co-workers extended the study

of the asymptotic region and the behavior of the scattered wave [23-25].

11
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Generalized Sturmian Functions [26, 27] are one example of basis functions defined
taking into account the behavior of the particles at large values of the radial variable.
They are constructed as the solutions of a Sturm-Liouville problem [2, 28] including
some of the interactions of the problem under consideration (through an adequate choice
of the so-called auxiliary potential and generating potential) and imposing as asymptotic
condition the expected behavior of the scattering solution (up to a constant). Generalized
Sturmian functions form an orthogonal and complete set of basis functions. Also they
proved to be a computationally efficient basis set, as shown in the treatment of a the large
variety of processes and systems (see references in [27]).

In most practical cases, Generalized Sturmian functions are obtained numerically, so
it is not possible to study their particular properties following analytical procedures.
Moreover, all the radial integrals that appear when solving scattering problems must be
performed numerically. When one takes the Hulthén potential as the generating and/or
the auxiliary potential, however, the resulting basis functions can be given in closed form
[29]. Thus, their mathematical properties can be investigated and some integrals can be
analytically solved.

The main purpose of this thesis work is to study basis functions convenient to represent
the solution of two-body scattering problems in spherical coordinates and three-body
problems using hyperspherical coordinates. We are interested in functions that can be
given in closed form and include an appropriate asymptotic behavior. Thus, we can
analytically explore the mathematical aspects and properties of these functions in the
context of scattering processes.

We not only study the Hulthén Sturmian functions, which are very appropriate to
solve some particular two-body scattering problems, but also, and as a central subject of
this work, we introduce an alternative set of functions, that we name Quasi-Sturmian
functions.  They are defined as solutions of a non-homogeneous Schrodinger-like
differential equation which, as in the case of Generalized Sturmian functions, includes
some interactions of the problem and imposes an appropriate scattering behavior.

A disadvantage, compared to Generalized Sturmian functions, is that we do not
have an orthogonality property for these functions. On the other hand, contrary to
Generalized Sturmian functions, they can be presented in closed form for the case of
Coulomb interactions. As a consequence it is possible to give analytical expressions for
the matrix elements when solving two- and three-body scattering problems. Thus, these
Quasi-Sturmian functions are helpful in studying the analytical properties of three-body

wave functions, and also allow to improve convergence in numerical calculations.
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In addition, the motivation of proposing a set of functions in closed form to
study three-body scattering problems led us to review and study other functions, like
Coulomb wave functions and two variable hypergeometric functions, which appeared while
characterizing the Quasi-Sturmian functions.

At this point it is clear that the results of our research can be presented in two
parts. A first one, more mathematical, in which we introduce and study the mathematical
properties of Hulthén Sturmian functions, the proposed Quasi-Sturmian functions and
other functions related to them. And a second one, related to a particular subject of
Quantum Mechanics, in which we state the two- and three-body scattering problems and
investigate their solution by using the functions proposed in the first part.

We start by introducing the one-variable functions that constitute the base of all
constructions in the following chapters: Slater-type orbitals, Laguerre-type functions,
Coulomb wave functions and Coulomb Green’s functions. = We review the main
properties of Coulomb wave functions and analyse their series representation in terms
of Laguerre-type functions; we present, as a novelty, the analytical expressions of the
coefficients h(*) and ¢, corresponding to the series expansion of the irregular Coulomb
wave functions. Another contribution related to this subject is the connection we establish
between the coefficients s, associated to the regular Coulomb wave function and the
Meixner-Pollaczek polynomials when considering the charge as a variable. The interest
in series representations in terms of Laguerre-type functions is related to the fact that
this strategy separates some parameters (charge and energy for example, appearing only
in the coefficients) from the variable. Thus, the study of the parameters of the function
reduces to the analysis of these coefficients.

The second chapter is dedicated to the study of two-variable hypergeometric functions
in terms of their parameters. In particular we are interested in Appell functions [30].
Following the methodology exposed in [31], we present in closed form the derivatives of
these functions with respect to their parameters. These results are part of a more extensive
contribution [32] where the derivatives of eight two variable hypergeometric series with
respect to their parameters are presented.

In the third chapter we review the definition and properties of Generalized Sturmian
functions. In particular we study the Hulthén Sturmian functions for which analytical
expressions can be found. The results we present here constitute the first part of a
contribution in which we study the mathematical properties of these functions, and we
show how to implement them to solve different two-body scattering problems [33].

The final chapter of the mathematical part is dedicated to study in detail the proposed
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Quasi-Sturmian functions. In particular we analyse two different driven terms in the
differential equation defining these functions: the two cases for which we can provide in
closed form the Quasi-Sturmian functions. Hence, an analytical study of their properties
and relations can be performed. In the last section of this chapter we investigate these
functions considering one of the parameters involved as a variable. These kind of two
variable Quasi-Sturmian functions is proposed in the last chapter to describe the coupling
of the radial and angular variables appearing in three-body scattering problems.

Part of the results involving these new functions can be found in reference [34], in
which we introduced the two sets of one-dimensional Quasi-Sturmian functions, presenting
different analytical representations and their asymptotic behavior, and using them to solve
a two-body scattering problem.

Quasi-Sturmian functions are also studied in reference [35], where the authors
introduce and implement a set of Quasi-Sturmian functions to solve three-body scattering
problems in parabolic coordinates.

As mentioned, in the second part of this work (the two last chapters) we present a
general description of two- and three-body scattering problems, and the methodology
used to approximate the solution in terms of Generalized Sturmian functions and
Quasi-Sturmian functions.

First we analyse two-body scattering problems. Two different approaches are
presented. The first one, using Generalized Sturmian functions, with the particular
implementation of the Hulthén Sturmian functions to solve the scattering of a particle first
by a Hulthén and then by a Yukawa potential. These two illustrations complete our study
of Generalized Sturmian functions presented in reference [33]. The second approach uses
Quasi-Sturmian functions to represent the scattering solution. As a particular example,
we solve the problem of a particle under the influence of a combined attractive Coulomb
potential plus a Yukawa potential (this example was published in reference [34]).

The last chapter is dedicated to the three-body case. We begin by intro